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Symplectic realization of two interacting spin-two fields in three dimensions
Omar Rodr´ıguez-Tzompantzi∗
Departamento de Ciencias F´ısicas, Universidad Andres Bello, Sazie´ 2212, Piso 7, Santiago, Chile.
We constructed a symplectic realization of the dynamic structure of two interacting spin-two fields
in three dimensions. A significant simplification refers to the treatment of constraints: instead of
performing a Hamiltonian analysis a` la Dirac, we worked out a method that only uses properties
of the pre-symplectic two-form matrix and its corresponding zero-modes to investigate the nature
of constraints and the gauge structure of the theory. For instance, we demonstrate that the con-
traction of the zero-modes with the potential gradient, yields explicit expressions for the whole set
of constraints on the dynamics of the theory, including the symmetrization condition and an ex-
plicit relationship between the coupling and cosmological constants. This way, we further identify
the necessary conditions for the existence of a unique non-linear candidate for a partially massless
theory, using only the expression for the interaction parameters of the model. In the case of gauge
structure, the transformation laws for the entire set of dynamical variables are more straightfor-
wardly derived from the structure of the remaining zero-modes; in this sense, the zero-modes must
be viewed as the generators of the corresponding gauge transformations. Thereafter, we use an
appropriate gauge-fixing procedure, the time gauge, to compute both the quantization brackets and
the functional measure on the path integral associated with our model. Finally, we confirm that
three-dimensional bi-gravity has two physical degrees of freedom per space point. With the above,
we provide a new perspective for a better understanding of the dynamical structure of theories of
interacting spin-two fields, which does not require the constraints to be catalogued as first- and
second-class ones as in the case of Dirac’s standard method.
I. INTRODUCTION
Although Einstein’s General Theory of Relativity [1] is accepted as being the only physical theory that describes
the geometrical structure of the space-time and the gravitational dynamics of massive bodies. The greatest puzzles
in modern cosmology such as Dark Matter [2] and Dark Energy [3], which attempt to explain the primordial and late
time accelerating expansion of the current universe, have been strong motivators for a plethora of alternative gravity
theories beyond original Einstein’s General Relativity (GR), both at the ultraviolet and infrared scale [4–6]. Besides
that, the issue concerning the compatibility between renormalizability and the unitarity of gravity at the quantum
regime [7, 11], has also led many theorists to search for extensions of GR and their three-dimensional cousins; because
they are, to our knowledge, another framework for addressing some conceptual features of the four-dimensional GR
and some fundamental issues of quantum gravity [8–10]. Nonetheless, modifications and/or extensions to the theory
of GR are highly restricted according to Lovelock’s theorem [12, 13]. Along these lines, given the assumption that
GR is essentially the correct theory of gravity leading to the propagation of two physical degrees of freedom (DoF)
corresponding to a single spin-two field (graviton) whose rest masses may be exactly zero [14–16], a natural extension
to Einstein’s gravity would be the addition of new DoF to the massless graviton in a consistent manner.
Massive gravity has been studied extensively over the past years as a straightforward extension of GR as it contains
five DoF which correspond to a single massive spin-two field [17]. Furthermore, the study of massive gravity models
has been mainly motivated by offering an alternative to the ΛCDM cosmological standard model [19–21] and by
solving the problem of finding a consistent quantum theory of gravity [22]. This interest was triggered in particular
by the discovery of a non-linear theory of massive gravity by de Rham, Gabadaze, and Tolley (dRGT) [23–25] which
not only propagates the appropriate five DoF for a massive spin-two field, but is also free of ghost instabilities
[26, 27], i.e., unphysical DoF appearing generically at the non-linear level and having unbounded negative energy [28].
Motivated by the advances pioneered by dRGT, Hassan and Rosen (H-R) generalize the dRGT model as a theory
of two interacting spin-two fields, dubbed as bi-gravity, which describes two gravitons interacting with each other,
through non-derivative interaction terms [29]. It was shown in Refs. [30, 31] that like the dRGT model the H-R
theory also has a correct number of ghost-free DoF; namely it contains seven DoF corresponding to one massive (five
DoF) and one massless (two DoF) graviton, in contrast to the five DoF for the massive graviton of dRGT theory.
A remarkable feature of the theory of two interacting spin-two fields, is that it fills a gap in the list of consistent
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2field theories for massive and massless fields with spin up to two and represents an extended gravitational theory
with a rich phenomenology [32–38]. Interestingly enough, three-dimensional theories of two interacting spin-two fields
have also attracted much attention in the past a few years as a tool to build effective theories, as they describe the
dynamics of spin-two gapped collective excitations observed in certain fractional quantum Hall states [39–41]. This
latest application of models of two interacting spin-two fields in condensed matter physics is of particular interest,
as it directly links two broad areas in physics; gravity and condensed matter. In this work, we are predominantly
interested in the study of a very attractive three-dimensional version of the theories of two interacting spin-two fields,
which is known as Zwei-Dreibein gravity [44–46].
Strictly speaking, GR viewed from the canonical perspective is a theory fully governed by constraints [42, 43],
meaning that massive gravity as well as theories of two interacting spin-two fields must possess the necessary physical
constraints to explicitly eliminate the ghost-like unphysical DoF and to describe the dynamical structure of both types
of theories. The most standard approach for determining these constraints, is to use the Dirac algorithm for constrained
Hamiltonian systems [47–49]. In this approach, the primary constraints appear when the canonical momenta are
computed. Consistency of the theory requires that the primary constraints remain on the constraint surface during
their evolution. These conditions of consistency will lead to secondary constraints, and so on. Thereafter, the whole
set of constraints must be classified into first- and second-class ones. In doing so, the number of physical DoF can be
explicitly counted, and a generator of the local gauge transformations can be constructed as a suitable combination of
the first-class constraints. Finally, the bracket structure (Dirac’s brackets) to quantize a gauge system can be obtained
once the second-class constraints are removed.
Broadly speaking, the Hamiltonian analysis for these types of theories has turned out to be substantially complicated
by the awkward structure of its interaction potential, which is specifically constructed in terms of a real matrix square-
root of
√
g−1f using the elementary symmetric polynomials [27]. It has been nonetheless argued in Refs. [17, 18]
that such a square root structure suggests that the first-order formulation of GR, which uses as fundamental variables
tetrads and Lorentz connections instead of metrics, could be the appropriate ones for the formulation of interacting
spin-two theories. Even for such models based on the first-order formalism, the canonical analysis still remains quite
tedious technically since secondary, tertiary and quartic constraints with complicated Poisson brackets algebra, are
present, which make the method difficult to apply. To be more precise, it is still difficult to identify the whole set of
physical constraints [50–52], which means that the classification and separation of all the constraints into first- and
second-class ones can become non-trivial, which can hide the dynamical structure of these theories. What is more,
the explicit form of all constraints plays a significant role if one wishes to solve initial-value problems and to explore
the partially massless sectors, which could be relevant for cosmological applications, providing further motivation for
their computation. As such, it is natural to foresee any straightforward approach that is helpful in finding the explicit
form for the whole set of constraints that will completely dictate the dynamics of these kinds of theories.
There exists, however, a symplectic realization that provides straightforward effective tools for the study of the
dynamical structure of Lagrangian field theories, which is geometrically well motivated and is based on the symplectic
structure of the space-phase [53–59], and therefore it is different from Dirac’s approach. The advantage of this
construction is that we do not need to catalogue the constraints as first- and second-class ones. In this setting, all the
constraints are treated at the same footing and the ambiguities mentioned above can be alleviated. Moreover, it does
not rely on Dirac’s conjecture. Still, several essential elements of a physical theory, such as the structure of all physical
constraints, the local gauge symmetry and its generators, the quantization brackets structure, the functional measure
for determining the quantum transition amplitude, and the correct number of physical DoF, can be systematically
addressed by studying only the properties of the pre-symplectic matrix and its corresponding zero-modes. Formally
speaking, we can determine the explicit form of all the physical constraints directly from the zero-modes of the
corresponding pre-symplectic matrix through the contraction of these zero-modes with the gradient of the symplectic
potential. After identifying the whole set of constraints, we can find out the transformation laws for all the set of
dynamical variables corresponding to gauge symmetries, encoded in the remaining zero-modes. This means that such
zero-modes are indeed the generators of the local gauge symmetry under which all physical quantities are invariant.
Furthermore, by introducing an appropriate gauge-fixing procedure, we can obtain the structure of quantization
brackets between the dynamical variable, the functional measure for determining the quantum transition amplitude
and the number of physical DoF. In the light of these results, this symplectic method can provides powerful tools to
deal with massive gravity and bi-gravity theories, where secondary, tertiary, or higher-order constraints are present,
because it is algebraically simpler than the Dirac algorith [58, 59].
Our goal in this work is to give, in a rather systematic manner, such a symplectic treatment to a theory describing
two interacting spin-two fields in three dimensions, dubbed as Zwei-Dreibein gravity [44–46], which could shed light
on the four-dimensional case. The main building blocks of such a theory are two copies of parity-even cosmological
Einstein-Cartan theories glued together by a cubic potential involving the two dreibeins. Beginning with the 2 + 1
decomposition of the model, we will derive a pre-symplectic two-form matrix that is degenerated. After extracting
the corresponding zero-modes of such a singular matrix, we will be able to identify the explicit form for each physical
3constraint, including the symmetrization constraints, and a unique condition for the partially massless sector of the
theory. Having determined the constraints on the dynamics, we will show that the remaining zero-modes are the
generators of the local gauge transformations. Thereafter, by choosing an appropriate gauge-fixing procedure, we will
obtain the fundamental brackets structure for the dynamic variables and the functional measure for determining the
quantum transition amplitude. Finally, we will also confirm that Zwei-Dreibein gravity has two physical degrees of
freedom per space point.
The outline of this paper is as follows. In Section II, we will introduce the action principle corresponding to Zwei-
Dreibein gravity. Later introducing the action principle, we will perform the 2 + 1 decomposition of the action in
Section III, in order to identify the dynamical variables that make up the pre-symplectic matrix. We then show that
the symplectic framework applied to Zwei-Dreibein gravity easily allows us to obtain the complete set of physical
constraints and the partially massless sector of the theory. In Section IV, we show that the gauge transformations can
be computed using the zero-modes of the pre-symplectic two-form matrix. Then we recovered the Diffeomorphisms
and Poincare´ symmetry by mapping the gauge parameters appropriately. In the penultimate Section V, we determine
the fundamental quantization brackets, the functional measure on the path integral and the physical degrees of freedom
associated with our model, by introducing a gauge-fixing procedure. Finally, Section VI, is devoted to our concluding
remarks.
II. THE ACTION PRINCIPLE
We consider the action for three-dimensional bi-gravity in the first-order formalism [44–46]. The space-time M is
a three-dimensional oriented smooth manifold and the action is simply given by the sum of two three-dimensional
Einstein-Cartan actions with independent deibreins and connections, plus an interaction term:
SBi-g[A, e, w, l] =
∫
M
(
eI ∧R[A]I −
Λ1
6
ǫIJKeI ∧ eJ ∧ eK + l
I ∧ F [w]I −
Λ2
6
ǫIJK lI ∧ lJ ∧ lK
−
k1
2
ǫIJKeI ∧ eJ ∧ lK −
k2
2
ǫIJKeI ∧ lJ ∧ lK
)
, (1)
with Λ1 = −1/l
2 and Λ2 = −1/l˜
2 the cosmological constants and, k1 and k2 the coupling. The fundamental
fields of the action (1) are: a pair of dreibein one-forms eI = eIµdx
µ and lI = lIµdx
µ, and a pair of dualised spin-
connection one-forms AI = ǫIJKAµ
JKdxµ and wI = ǫIJKwµ
JKdxµ valued on the adjoint representation of the Lie
group SO(2, 2), so that, it admits an invariant totally anti-symmetric tensor ǫIJK . Furthermore, RI and F I are
the curvatures of the connections AI and wI severally, which explicitly read RI [A] = dAI + (1/2)ǫIJKAJ ∧ AK and
F I [w] = dwI + (1/2)ǫIJKwJ ∧ wK . In particular, we defined two types of covariant derivative, acting on internal
indices, by mean of the spin-connections A and w, respectively
DαV
I = ∂αV
I + ǫIJKAαJVK , ∇αV
I = ∂αV
I + ǫIJKwαJVK , (2)
where ∂ is a fiducial derivative operator. In what follows, we denote the components of three-dimensional spacetime
x as xµ, µ = 0, 1, 2 and those of space x as xa, a = 1, 2. Whereas, the Latin capital letters I correspond to Lorentz
indices, I = 1, 2, 3.
An arbitrary variation of the action functional (1) gives a bulk term, which defines the classical equations of motion,
and a boundary term in the following form:
δSBi-g[Φ] =
∫
M
dx (EΦδΦ + dΘ [δΦ,Φ]) , (3)
where EΦ represents equations of motion for all dynamical fields collectively denoted by Φ, δΦ are variations of those
fields, and Θ is the boundary term. Then the field equations have the form:
E
µI
A = ε
µαβ
(
RIαβ −
1
2
Λ1ǫ
IJKeαJeβK −
1
2
k2ǫ
IJK lαJ lβK − k1ǫ
IJKeαJ lβK
)
= 0, (4)
EµIw = ε
µαβ
(
F Iαβ −
1
2
Λ2ǫ
IJKlαJ lβK −
1
2
k1ǫ
IJKeαJeβK − k2ǫ
IJK lαJeβK
)
= 0, (5)
EµIe = ε
µαβDαe
I
β = 0, (6)
E
µI
l = ε
µαβ∇αl
I
β = 0, (7)
4while the boundary term look like
Θ =
∫
Σ
εµαβ
(
eαIδA
I
β + lαIδw
I
β
)
dxµ, (8)
which is understandable as the divergence of a phase space pre-symplectic potential, from which the corresponding
symplectic structure is recognized:
Ω =
∫
Σ
εµαβ
(
δeαIδA
I
β + δlαIδw
I
β
)
dxµ. (9)
If we choose Σ to be a time slice x0 = const, then the symplectic structure takes the form
Ω =
∫
ε0ab
(
δeaIδA
I
b + δlaIδw
I
b
)
dx. (10)
The corresponding non-vanishing fundamental Poisson brackets between pairs of basic fields read
{eaI(x), A
J
b (y)} = ε0abη
J
I δ
2(x− y) and {laI(x), w
J
b (y)} = ε0abη
J
I δ
2(x − y). (11)
The above Poisson brackets should be employed in a Hamiltonian analysis a` laDirac, in order to find out the full
structure of the constraints in terms of dreibeins and connections. However, in the following lines, we will discuss a
new strategy for investigating the constraint structure and the associated gauge symmetry in Zwei-Dreibein gravity.
III. THE NATURE OF CONSTRAINTS IN THE SYMPLECTIC FRAMEWORK
To carry out symplectic analysis, we assume that the manifoldM is globally hyperbolic such that it may be foliated
as Σ×ℜ, with Σ being a Cauchy’s surface without boundary (∂Σ = 0) and ℜ an evolution parameter. By performing
the 2 + 1 decomposition of our fields, the action (1) can be written as (we recall that all spatial boundary terms will
be neglected because Σ has no boundary)
SBi-g[e, l, A, w] =
∫
Σ×R
dtdxε0ab
[
eI0
(
RIab −
1
2
Λ1ǫ
IJKeaJebK +
1
2
ǫIJK (2k1eaJ + k2laJ ) lbK
)
+A0IDae
I
b + A˙aIe
I
b
+lI0
(
F Iab −
1
2
Λ2ǫ
IJK laJ lbK +
1
2
ǫIJK (2k2laJ + k1eaJ) ebK
)
+ w0I∇al
I
b + w˙aI l
I
b
]
, (12)
where we have defined Rab
I = ∂aAb
I + (1/2)ǫIJKAaJAbK , Daeb
I = ∂aeb
I + ǫIJKAaJebK , F
I
ab = ∂awb
I +
(1/2)ǫIJKwaJwbK and ∇alb
I = ∂alb
I + ǫIJKwaJ lbK . To start our analysis, and without loss of generality, we express
the action functional (12) in the symplectic form as:
SBi-g[ξ] =
∫
R
dtL =
∫
R
dt
∫
Σ
(
ai [ξ] ξ˙
i − V [ξ]
)
dx, (13)
which is first-order in time derivative ξ˙i, where hereafter ξi stands for the collection of all the dynamical fields of
the theory. They are usually referred as symplectic variables in the symplectic framework [53]. The first term in Eq.
(13) defines the so-called canonical one-form a = ai(ξ)ξ
i, whereas the second term represents the symplectic potential
which could also be identified with the canonical Hamiltonian density H. For Zwei-Dreibein gravity, the set of initial
symplectic variables and the components of the canonical one-form can be read easily from the first-order Lagrangian
density in Eq. (12) as follows
ξi = (A0I , AaI , w0I , waI , e0I , eaI , l0I , laI), (14)
ai = (0, ε
oabeIb , 0, ε
oablIb , 0, 0, 0, 0). (15)
On the other hand, the corresponding symplectic potential reads
V = −ε0ab
[
eI0
(
RIab −
1
2
Λ1ǫ
IJKeaJebK +
1
2
ǫIJK (2k1eaJ + k2laJ) lbK
)
+A0IDae
I
b
+lI0
(
F Iab −
1
2
Λ2ǫ
IJK laJ lbK +
1
2
ǫIJK (2k2laJ + k1eaJ) ebK
)
+ w0I∇al
I
b
]
. (16)
5In the symplectic picture, the equations of motion deduced from the above action principle (13) can be compactly
written in a first-order form as ∫
dx
(
Fij(x,y)ξ˙
j(x) −
δV(x)
δξi(y)
)
= 0. (17)
At this point, it is important to notice that the dynamics of the theory is then characterized by the called pre-symplectic
two-form matrix which is defined as a generalized curl of the canonical one-form,
Fij(x,y) =
δaj(x)
δξi(y)
−
δai(y)
δξj(x)
. (18)
Clearly, Fij is an anti-symmetrical matrix that can be either singular or non-singular. According to the symplectic
approach, if the matrix Fij is non-singular, then its inverse can be computed. As a consequence, the set of equations
in Eq. (17) can immediately be solved for the time evolution of the fields ξi, as follows,
ξ˙i(y) =
∫
dz(F ij(y, z))−1
∫
dx
δV(x)
δξi(z)
. (19)
In our case, introducing the symplectic variables (14) and the canonical one-form (15) into the pre-symplectic matrix
definition (18), we find that the corresponding pre-symplectic matrix turns out to be
Fij(x,y) = ε
0ab

0 0 0 0 0 0 0 0
0 0 0 0 0 ηIJ 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 ηIJ
0 0 0 0 0 0 0 0
0 −ηIJ 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 −ηIJ 0 0 0 0

δ2(x− y). (20)
After constructing the pre-symplectic matrix, we can see clearly that it is manifestly degenerate in the sense that
there are more degrees of freedom in the equations of motion (17) than physical degrees of freedom in the theory. As
a consequence of this, there exist constraints that must remove the unphysical degrees of freedom. In the symplectic
framework, the constraints emerge as algebraic relations necessary to maintain the consistency of the equations of
motion. Since the matrix (20) is a singular one, it is straightforward to determine that it has the following the
zero-modes:
vi1 =
(
vA0 , 0, 0, 0, 0, 0, 0, 0
)
, (21)
vi2 = (0, 0, v
w0 , 0, 0, 0, 0, 0) , (22)
vi3 = (0, 0, 0, 0, v
e0, 0, 0, 0) , (23)
vi3 =
(
0, 0, 0, 0, 0, 0, vl0, 0
)
, (24)
where vA0 , vw0 , ve0 , vl0 are totally arbitrary functions. In terms of the symplectic formalism, the zero-modes satisfy
the equation vi1,2,3,4Fij = 0, and therefore, the multiplication of each of the zero-modes by the gradient of the
symplectic potential (16) leads to the following conditions:∫
dy vi1(y)
∫
dx
δV(x)
δξi(y)
=
∫
dy vA0ε0abDae
I
b = 0, (25)∫
dy vi2(y)
∫
dx
δV(x)
δξi(y)
=
∫
dy vw0ε0ab∇al
I
b = 0, (26)∫
dy vi3(y)
∫
dx
δV(x)
δξi(y)
=
∫
dy ve0ε0ab
(
RIab −
1
2
Λ1ǫ
IJKeaJebK +
1
2
ǫIJK (2k1eaJ + k2laJ ) lbK
)
= 0, (27)∫
dy vi4(y)
∫
dx
δV(x)
δξi(y)
=
∫
dy vl0ε0ab
(
F Iab −
1
2
Λ2ǫ
IJK laJ lbK +
1
2
ǫIJK (2k2laJ + k1eaJ) ebK
)
= 0, (28)
6and since vA0 , vw0 , ve0 , vl0 are arbitrary functions, we obtain the following constraints on the dynamics of the theory
ΦI1 = ε
0abDae
I
b = 0, (29)
ΦI2 = ε
0ab∇al
I
b = 0, (30)
ΦI3 = ε
0ab
(
RIab −
1
2
Λ1ǫ
IJKeaJebK +
1
2
ǫIJK (2k1eaJ + k2laJ) lbK
)
= 0, (31)
ΦI4 = ε
0ab
(
F Iab −
1
2
Λ2ǫ
IJK laJ lbK +
1
2
ǫIJK (2k2laJ + k1eaJ) ebK
)
= 0. (32)
At this point, we can demand stability of these constraints, which guarantees its time-independence, so that its time
derivative vanishes Φ˙I1,2,3,4 = 0. This means that the constraints should remain on the constraints surface during their
evolution. We note now that ΦI1,2,3,4 depend only on the set of symplectic variables ξ
i, so the consistency condition
can be written as;
dΩn[ξ]
dt
=
∫
dx
δΩn(x)
δξi(y)
ξ˙i(y) = 0 with Ωn ∈
(
ΦI1,Φ
I
2,Φ
I
3,Φ
I
1
)
. (33)
Then, the consistency of the constraints Ωn (33), together with the equations of motion (17) can be rewritten in the
following way ∫
dx
(
F
(1)
mj (x,y)ξ˙
j(x)−Z(1)m (x,y)
)
= 0, (34)
such that
F
(1)
mj =
(
Fij
δΩn
δξi
)
and Z(1)m =

δV
δξi
0
0
0
0
 with m = i+ n. (35)
Accordingly, the explicit form of the new matrix F
(1)
mj is thus
F
(1)
mj (x,y) = ε
0ab

0 0 0 0 0 0 0 0
0 0 0 0 0 ηIJ 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 ηIJ
0 0 0 0 0 0 0 0
0 −ηIJ 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 −ηIJ 0 0 0 0
0 EIJb 0 0 0 −A
yIJ
b
0 0
0 0 0 LIJb 0 0 0 −W
yIJ
b
0 AyIJ
b
0 0 0
(
Λ1E
IJ
b − k1L
IJ
b
)
0 −
(
k1E
IJ
b + k2L
IJ
b
)
0 0 0 WyIJ
b
0 −
(
k1E
IJ
b + k2L
IJ
b
)
0
(
Λ2L
IJ
b − k2E
IJ
b
)

× δ2(x− y). (36)
Here we have abbreviated AIJb = ∂bη
IJ + ǫIJKAbK , W
IJ
b = ∂bη
IJ + ǫIJKwbK , E
IJ
b = ǫ
IJKebK , L
IJ
b = ǫ
IJK lbK . We
now can easily verify that F
(1)
mj is also a singular matrix that has the following linearly independent zero-modes:
v
(1)m
1 =
(
0,AyIJa , 0, 0, 0,E
IJ
a , 0, 0, η
IJ , 0, 0, 0
)
δ2(x− y), (37)
v
(1)m
2 =
(
0, 0, 0,WyIJa , 0, 0, 0,L
IJ
a , 0, η
IJ , 0, 0
)
δ2(x− y), (38)
v
(1)m
3 =
(
0, k1L
IJ
a − Λ1E
IJ
a , 0, k1E
IJ
a + k2L
IJ
a , 0,A
yIJ
a , 0, 0, 0, 0, η
IJ , 0
)
δ2(x − y), (39)
v
(1)m
4 =
(
0, k1E
IJ
a + k2L
IJ
a , 0, k2E
IJ
a − Λ2L
IJ
a , 0, 0, 0,W
yIJ
a , 0, 0, 0, η
IJ
)
δ2(x − y). (40)
7Using the symplectic potential (16), we find that the matrix Z
(1)
m has the form
Z(1)m (x,y) = ε
0ab

ΦI1
e0JA
xIJ
b +A0JE
IJ
b
ΦI2
l0JW
xIJ
b + w0JL
IJ
b
ΦI3
A0JA
xIJ
b + e0J
(
k1L
IJ
b − Λ1E
IJ
b
)
+ l0J
(
k1E
IJ
b + k2L
IJ
b
)
ΦI4
w0JW
xIJ
b + l0J
(
k2E
IJ
b − Λ2L
IJ
b
)
+ e0J
(
k1E
IJ
b + k2L
IJ
b
)
0
0
0
0

δ2(x− y). (41)
Multiplying the zero-modes in Eqs. (37)-(40) to the two sides of Eq. (34), we get the following constraint relations
(the integration symbols
∫
are omitted for simplicity):
v
(1)m
1 Z
(1)
m = −ǫ
IJK (A0JΦ1K − e0JΦ3K)− ε
µαβ
(
k1e
I
µ + k2l
I
µ
)
eαJ l
J
β = 0, (42)
v
(1)I
2 Z
(1)
m = −ǫ
IJK (w0JΦ2K − l0JΦ4K)− ε
µαβ
(
k1e
I
µ + k2l
I
µ
)
eαJ l
J
β = 0, (43)
v
(1)I
3 Z
(1)
m = ǫ
IJK ((Λ1e0J − k1l0J )Φ1K − (k1e0J + k2l0J )Φ2K −A0JΦ3K)
+k1ε
µαβ
(
AIµ − w
I
µ
)
eαJ l
J
β + ε
µαβlIµ (k1eαJ + k2lαJ)
(
AJβ − w
J
β
)
= 0, (44)
v
(1)I
4 Z
(1)
m = ǫ
IJK ((Λ2l0J − k2e0J )Φ2K − (k1e0J + k2l0J )Φ1K − w0JΦ4K) (45)
+k2ε
µαβ
(
AIµ − w
I
µ
)
eαJ l
J
β + ε
µαβeIµ (k1eαJ + k2lαJ )
(
AJβ − w
J
β
)
= 0. (46)
Restricting the above relations to the constraints surface, that is v
(1)m
1,2,3,4Z
(1)
m |Ωn=0, we can identify the following set
of integrability conditions:
εµαβ
(
k1e
I
µ + k2l
I
µ
)
eαJ l
J
β = 0, (47)
k1ε
µαβ
(
AIµ − w
I
µ
)
eαJ l
J
β + ε
µαβlIµ (k1eαJ + k2lαJ)
(
AJβ − w
J
β
)
= 0, (48)
k2ε
µαβ
(
AIµ − w
I
µ
)
eαJ l
J
β + ε
µαβeIµ (k1eαJ + k2lαJ)
(
AJβ − w
J
β
)
= 0, (49)
whose solution is given by
Ψµ = εµαβeαJ l
J
β = 0, (50)
Υµ = εµαβ (k1eαJ + k2lαJ)
(
AJβ − w
J
β
)
= 0. (51)
The Eq. (50), known as the symmetrization condition, play a crucial role in the relation of the metric and first-order
formulations bi-gravity theories [17, 45, 46]. It is straightforward to see that the above equations Eqs. (50)-(51) can
be split into four equations;
Ψ = ε0abeaI l
I
b = 0, (52)
Ψa = ε0ab
(
ebI l
I
0 − e0I l
I
b
)
= 0 −→ lI0 = e
I
al
a
Je
J
0 , (53)
Υ = ε0ab (k1eaI + k2laI)
(
AIb − w
I
b
)
= 0, (54)
Υa = ε0ab
[
(k1ebI + k2lbI)
(
AI0 − w
I
0
)
− (k1e0I + k2l0I)
(
AIb − w
I
b
)]
= 0. (55)
In this descomposition we can see that the functions (53) and (55) have fixed fields eI0, l
I
0, A
I
0 and w
I
0 . Whereas the
functions (52) and (54) gives us two new constraints. In order to be consistent, the new constraints (52) and (54) must
be preserved under time evolution, that is Ψ˙ = 0 and Υ˙ = 0. Combining Eq. (34) with the consistency conditions on
Ψ and Υ, we will obtain a group of new linear equations∫
dx
(
F
(2)
sj (x,y)ξ˙(x)
j −Z(2)s (x,y)
)
= 0, (56)
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F
(2)
sj =
(
F
(1)
mj
δΞl
δξi
)
and Z(2)s =
Z(1)m0
0
 . (57)
Here Ξl ∈ (Ψ,Υ) and s = m+ l.
Using Ψ and Υ to obtain F
(2)
sj , we see that the sub-matrix (δΞ/δξ)li of F
(2)
sj to be(
δΞ
δξ
)
li
= ε0ab
(
0 0 0 0 0 lIb 0 −e
I
b
0 −
(
k1e
I
b + k2l
I
b
)
0
(
k1e
I
b + k2l
I
b
)
0 k1
(
AIb − w
I
b
)
0 k2
(
AIb − w
I
b
)) δ2(x− y), (58)
whereas F
(1)
mj is defined in Eq. (36).
Again, one can easily verify that the matrix F
(2)
sj in Eq. (57) is also singular, and so, it has the following linearly
independent zero-modes:
v
(2)s
1 =
(
v
(1)m
1 , 0, 0
)
, (59)
v
(2)s
2 =
(
v
(1)m
2 , 0, 0
)
, (60)
v
(2)s
3 =
(
v
(1)m
3 , 0, 0
)
, (61)
v
(2)s
4 =
(
v
(1)m
4 , 0, 0
)
, (62)
v
(2)s
5 =
(
0,−k1
(
AIb − w
I
b
)
, 0,−k2
(
AIb − w
I
b
)
, 0,
(
k1e
I
b + k2l
I
b
)
, 0,−
(
k1e
I
b + k2l
I
b
)
, 0, 0, 0, 0, 0, ηIJ
)
δ2(x− y), (63)
v
(2)s
6 =
(
0,−lIb , 0, e
I
b , 0, 0, 0, 0, 0, 0, 0, 0, η
IJ, 0
)
δ2(x− y). (64)
If we multiply the first four zero-mode (59)-(62) by Z
(2)
s , we will find the same constraint obtained previously, whereas
from the zero-mode v
(2)s
5 and v
(2)s
6 we have the following constraint relations (the integration symbols
∫
are omitted
for simplicity):
v
(2)s
5 Z
(2)
s = (k1e0I + k2l0I)
(
ΦI3 − Φ
I
4
)
− (A0I − w0I)
(
k1Φ
I
1 + k2Φ
I
2
)
+
1
2
εαβµǫIJK [(k1eαI − k2lαI) (AβJ − wβJ ) (AµK − wµK)
+ (k1eαI + k2lαI) (k1eβJ + k2lβJ) (eµK − lµK)
+ (k1eαI + k2lαI) (Λ1eβJeµK − Λ2lβJ lµK)] , (65)
v
(2)s
6 Z
(2)
s = l
I
0Φ1I − e
I
0Φ2I + ε
0abǫIJKeaI (w0J − A0J) lbK = 0. (66)
These conditions must hold only on the constraints surface, i.e., when Ωn,Ξl = 0. Imposing the above condition, we
obtain the following scalar relation between coupling and cosmological constants,
εαβµǫIJK [(k1eαI − k2lαI) (AβJ − wβJ ) (AµK − wµK)
+ (k1eαI + k2lαI) [(k1 + Λ1) eβJeµK − lβJ lµK (k2 + Λ2)− 2eβJ lµK (k1 − k2)]] = 0, (67)
plus a parameters-free relationship fixing the field AI0 in terms of w
I
0 ,
ε0abǫIJKeaI (w0J −A0J ) lbK = 0 −→ A
I
0 = w
I
0 . (68)
Since the expression in Eq.(67) mixes the canonical variables AIa, w
I
a, e
I
a and l
I
a with the Lagrange multipliers A
I
0, w
I
0 ,
eI0 and l
I
0 , this condition becomes in an scalar equation, establishing the most general relationship between the coupling
parameters of the theory, rather than acts as a new constraint on the dynamics of the theory. Hence, there are no
further constraints in Zwei-Dreibein gravity and therefore our method to obtain new constraints via the consistency
condition has finished.
Now, it is very important that, according to our result in Eq. (67), for the conformal case in which the dreibeins
are proportional to each other;
k1e
I
α − k2l
I
α = 0 with k1, k2 6= 0, (69)
9we obtain from Eq. (67) the following condition for the parameter values:
12k31e
[
c2 (k1 + Λ1)− (k2 + Λ2) + 2c (k2 − k1)
]
= 0 with c =
k2
k1
, (70)
where we have used εαβµeIαe
J
βe
I
µ = eǫ
IJK with e = det|eIα|. At this stage, we already note that the Eq. (70) (first
determined in Ref. [33] in the metric formalism via field equations) immediately suggest the following solution:
k1 = k2 = −Λ1 = −Λ2. (71)
An interesting feature of this solution is that it satisfies the Higuchi bound [33]. Moreover, by substituting (69)
and (71) into Eq. (1), the bi-gravity action simply reduces to two copies of Einstein-Cartan gravity for eIα with a
cosmological constant, explicitly,
S[e, A,w] =
∫
M
eI ∧
(
R[A]I + F [w]I +
2
3
Λ1ǫ
IJKeJ ∧ eK
)
. (72)
Remarkably, only for these parameter values (71), we have that the original theory defined in Eq. (1) reduces to
a non-linear partially massless bi-gravity theory, where the mass value of a very special massive spin-two particle,
referred to as partially massless is m2 = −Λ1 [33–37]. In this case, the partially-massless spin-two field has 1 degree
of freedom more than those of massless field describing 3D pure gravity and 1 less that those of massive spin-two field
in three dimensions.
On the other hand, having at our disposal the explicit form of the constraints (30), (31), (32), (32), (52) and (54),
and according to the symplectic procedure, we shall now incorporate them into the kinetic part of the Lagrangian
density (13) through the corresponding Lagrangian multipliers to define a new one. As a result, the new Lagrangian
density is:
Lnew = A˙aIe
I
b + w˙aI l
I
b − λ˙1IΦ
I
1 − λ˙2IΦ
I
2 − λ˙3IΦ
I
3 − λ˙4IΦ
I
4 − λ˙5Ψ− λ˙6Υ− V
new|Ωn,Ξl . (73)
where λ˙1I , λ˙2I , λ˙3I , λ˙4I , λ˙5 and λ˙6 stand for multipliers associated to the constraints that enforce the stability of the
full set of constraints in time. Furthermore, one can note that the symplectic potential, which can also be identified
with the total Hamiltonian density H, turns out to be
Vnew = H = A0I
(
ΦI1 +Φ
I
2
)
+ e0I
(
ΦI3 + l
I
ae
a
JΦ
J
4
)
, (74)
which drop from the Lagrangian density after being evaluated on the constraint surface, along with H|Ωn,Ξl = 0. This
fact shows the general covariance of the theory, and therefore, the dynamics will be governed by the constraints. Thus,
the Lagrangian density (73) contains all the necessary information to describe the dynamics of the three-dimensional
bi-gravity theory. Now the new set of symplectic variables is identified easily as:
ξnew i = (AaI , waI , eaI , laI , λ1I , λ2I , λ3I , λ4I , λ5, λ6), . (75)
This permits us to identify the components of the canonical one-form
ai
new = (εoabeIb , ε
oablIb , 0, 0,−Φ
I
1,−Φ
I
2,−Φ
I
3,−Φ
I
4,−Ψ,−Υ). (76)
Making use of the definition of the pre-symplectic two-form matrix in Eq. (18), and after a bit of calculation, we can
show that the explicit expression for the corresponding square matrix FNewij is
ε0ab

0 0 ηIJ 0 −EIJb 0 −A
xIJ
b 0 0
(
k1e
I
b + k2l
I
b
)
0 0 0 ηIJ 0 −LIJb 0 W
xIJ
b 0 −
(
k1e
I
b + k2l
I
b
)
−ηIJ 0 0 0 AxIJb 0 −S
IJ
1b K
IJ
b −l
I
b −k1
(
AIb − w
I
b
)
0 −ηIJ 0 0 0 WxIJb K
IJ
b −S
IJ
2b e
I
b −k2
(
AIb − w
I
b
)
E
IJ
b 0 −A
yIJ
b
0 0 0 0 0 0 0
0 LIJb 0 −W
yIJ
b
0 0 0 0 0 0
A
yIJ
b
0 SIJ1b −K
IJ
b 0 0 0 0 0 0
0 WyIJ
b
−K
IJ
b S
IJ
2b 0 0 0 0 0 0
0 0 lIb −e
I
b 0 0 0 0 0 0(
k1e
I
b + k2l
I
b
)
−
(
k1e
I
b + k2l
I
b
)
k1
(
AIb − w
I
b
)
k2
(
AIb −w
I
b
)
0 0 0 0 0 0

×δ2(x− y). (77)
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Here we have abbreviated SIJ1b = Λ1E
IJ
b − k1L
IJ
b , S
IJ
2b = Λ2L
IJ
b − k2E
IJ
b and K
IJ
b = k1E
IJ
b + k2L
IJ
b . Notwithstanding
the above positive results, it is worth noting that the corresponding pre-symplectic matrix Fnewij remains singular,
however, we have shown that no further constraints are generated by the zero-modes. Thus, the above observation
implies that there might be gauge degrees of freedom in the theory that must be fixed through gauge conditions in
order to obviate the singularity. In this way, the quantization-bracket structure can be determined and the procedure
can be achieved in terms of the physical degrees of freedom.
IV. GAUGE TRANSFORMATIONS AND ITS GENERATORS
We thus proceed towards the discussion of the gauge symmetry in the symplectic framework. It is worth noting that,
the degeneracy of the pre-symplectic matrix (77) and the fact that its remaining zero-modes are orthogonal to the
gradient of the potential that means that the remaining zero-modes generate degenerate gauge directions inside the
symplectic potential (74). As a consequence, such zero-modes must be identified as the generators of the corresponding
gauge symmetry ‘δG’, that is, the components of the zero-modes give the transformation properties related to the
underlying (gauge) symmetry that leaves the action invariant [54, 56]. The local infinitesimal transformations on the
symplectic variables generated by viA can be expressed as:
δGξ
i =
∫
dx viAη
A, (78)
where viA are the independent zero-modes of the singular symplectic matrix F
New
ij and η
A are the gauge parameters.
For the singular pre-symplectic matrix (77), these zero-modes turn out to be:
v
(new)i
1 =
(
A
yIJ
a , 0,E
IJ
a , 0, η
IJ , 0, 0, 0, 0, 0
)
δ2(x− y), (79)
v
(new)i
2 =
(
0,WyIJa , 0,L
IJ
a , 0, η
IJ , 0, 0, 0, 0
)
δ2(x− y), (80)
v
(new)i
3 =
(
−
(
Λ1E
IJ
a − k1L
IJ
a
)
,
(
k1E
IJ
a + k2L
IJ
a
)
,AyIJa , 0, 0, 0, η
IJ , 0, 0, 0
)
δ2(x− y), (81)
v
(new)i
4 =
((
k1E
IJ
a + k2L
IJ
a
)
,−
(
Λ2L
IJ
a − k2E
IJ
a
)
, 0,WyIJa , 0, 0, 0, η
IJ , 0, 0
)
δ2(x− y), (82)
these zero-modes turn out to be orthogonal to the gradient of the symplectic potential and at the same time generate
local displacements on the isopotential surface. In this way, one can infer from Eq. (78), that the infinitesimal gauge
transformations that leave the original Lagrangian invariant take the form
δGA
I
α = −Dαη
I − ǫIJKςJ (Λ1eαK − k1lαK) + ǫ
IJKσJ (k1eαK + k2lαK) , (83)
δGw
I
α = −∇α̺
I − ǫIJKσJ (Λ2lαK − k2eαK) + ǫ
IJKςJ (k1eαK + k2lαK) , (84)
δGe
I
α = −Dας
I + ǫIJKηJeαK , (85)
δGl
I
α = −∇ασ
I + ǫIJK̺J lαK . (86)
where ηI , ςI , σI and ̺I are the arbitrary gauge transformation parameter. It is worth remarking that (83), (84), (85)
and (86) correspond to the fundamental gauge symmetry of the theory, though the diffeomorphisms symmetry ‘δDiff’
have not been found yet. However, it is well-known that an appropriate choice of the gauge parameters does generate
the diffeomorphism on-shell. Let us redefine the gauge parameters:
ηI = −AIβζ
β , ̺I = −wIβζ
β , ςI = −eIβζ
β , σI = −lIβζ
β , (87)
with ζβ an arbitrary three-vector. Consequently, from the fundamental gauge symmetries (83)-(86), we obtain
δDiffA
I
α = LζA
I
α + εαβµζ
βE
µI
A , (88)
δDiffw
I
α = Lζw
I
α + εαβµζ
βEµIw , (89)
δDiffe
I
α = Lζe
I
α + εαβµζ
βEµIe , (90)
δDiffl
I
α = Lζ l
I
α + εαβµζ
βE
µI
l . (91)
which are precisely diffeomorphisms on-shell. Besides, diffeomorphism invariant theories have the Poincare´ gauge
transformations ‘δPGT’, i.e. local Lorentz rotations and translations, as off-shell symmetries by construction [60, 61].
Thus, to recover the Poincare´ symmetry we need to map the arbitrary gauge parameters of the fundamental gauge
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symmetry δG into those of the Poincare´ symmetry. This is achieved by a mapping of the gauge parameters [62–64],
e.g.:
ηI = AIβθ
β + ωI , ̺I = wIβθ
β + ωI , ςI = eIβθ
β , σI = lIβθ
β (92)
such that θµ and ωI are related to local coordinate translations and local Lorentz rotations, respectively, which
together constitute the 6 independent gauge parameters of Poincare´ symmetries in 3D. By using this map, the gauge
symmetries reproduce the Poincare´ symmetries modulo terms proportional to the equations of motion:
δPGTA
I
a = −∂αω − ǫ
IJKAαJω
I −AIβ∂αθ
β − θβ∂βA
I
α − εαβµθ
βE
µI
A , (93)
δPGTw
I
a = −∂αω − ǫ
IJKwαJω
I − wIβ∂αθ
β − θβ∂βw
I
α − εαβµθ
βEµIw , (94)
δPGTe
I
a = −e
I
β∂αθ
β − θβ∂βe
I
α − ǫ
IJKeαJω
I − εαβµθ
βEµIe , (95)
δPGTl
I
a = −l
I
β∂αθ
β − θβ∂βl
I
α − ǫ
IJKlαJω
I − εαβµθ
βE
µI
l . (96)
We thus conclude that the Poincare´ symmetry δPGT , as well as the diffeomorphisms δDiff , are not independent
symmetries: they are contained in the fundamental gauge symmetry δG as on-shell, that is, only when the equations
of motion are imposed. Besides, the generators of such gauge transformations are represented in terms of the zero-
modes, thereby making evident that the zero-modes of the pre-symplectic two-form encode all the information about
the gauge structure of this theory.
V. FIXING GAUGE
As was already mentioned in Sec. III, in theories with gauge symmetry, the pre-symplectic matrix obtained at
the end of the procedure is still singular. Nevertheless, to obtain a non-singular symplectic matrix and to determine
the quantization-bracket structure between the dynamical fields, we must impose a gauge-fixing procedure, that is,
new gauge constraints. In this case, we now partially fix the gauge by imposing the one most natural manner is to
choose the time-gauge, namely, AI0 = 0 (λ3I = const) and e
I
0 (λ1I = const). In this manner, we also introduce new
Lagrange multipliers relative to the gauge conditions, namely, λ˙7I and λ˙8I . Thus, the final Lagrangian density after
gauge fixing can be written as
LFinal = A˙aIe
I
b + w˙aI l
I
b − λ˙1I
(
ΦI1 − λ7I
)
− λ˙2IΦ
I
2 − λ˙3I
(
ΦI3 − λ8I
)
− λ˙4IΦ
I
4 − λ˙5Ψ− λ˙6Υ. (97)
Clearly, from the Lagrangian density (97), the final set of symplectic variables is taken as
ξiFinal = (AaI , waI , eaI , laI , λ1I , λ2I , λ3I , λ4I , λ5, λ6, λ7I , λ8I), (98)
ai
Final = (εoabeIb , ε
oablIb , 0, 0,−Φ
I
1 + λ7I ,−Φ
I
2,−Φ
I
3 + λ8I ,−Φ
I
4,−Ψ,−Υ, 0, 0). (99)
From the above set of the symplectic variables, we finally obtain the pre-symplectic matrix defined in Eq. (18), given
by a block matrix of the form
FFinalij =
(
A B
C D
)
with C = −BT . (100)
Here the explicit form of each sub matrix A, B and D in Eq. (100) turns out to be
A = ε0ab

0 0 ηIJ 0
0 0 0 ηIJ
−ηIJ 0 0 0
0 −ηIJ 0 0
 δ2(x− y), (101)
B = ε0ab

−EIJb 0 −A
xIJ
b 0 0 −
1
2ǫ
IJKKbJK 0 0
0 −LIJb 0 −W
xIJ
b 0
1
2ǫ
IJKKbJK 0 0
AxIJb 0 −S
IJ
1b K
IJ
b −l
I
b −k1
(
AIb − w
I
b
)
0 0
0 WxIJb K
IJ
b −S
IJ
2b e
I
b −k2
(
AIb − w
I
b
)
0 0
 δ2(x− y), (102)
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D = ε0ab

0 0 0 0 0 0 − 12ε0abη
IJ 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 − 12ε0abη
IJ
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1
2ε0abη
IJ 0 0 0 0 0 0 0
0 0 12ε0abη
IJ 0 0 0 0 0

δ2(x− y). (103)
Here, we can easily see that A is invertible.
Using the standard identity for any matrix(
A B
C D
)
=
(
A 0
C 1
)(
1 A−1B
0 D−CA−1B
)
, (104)
where A and D are square matrices, but B and C need not be square. We can see that
det
(
A B
C D
)
= (detA)
(
det
[
D−CA−1B
])
. (105)
Hence, making use of (105), and after some algebra, it is possible to show that the determinant of FFinalij is
det
∣∣FFinalij ∣∣1/2 = (k1∆+ 2k2) ∣∣2∆ (k1∆+ 2k2) + 2 (k2∆− 2Λ2) + (2w2 − 3∂2)∣∣ 6= 0, (106)
here we have defined ∆ = eJc l
c
J . This result leads us to conclude that F
Final
ij is not singular, and therefore the inverse
of this matrix exists: it is dubbed as the symplectic two-form matrix. Now, it is interesting to note that according to
Toms approach [57], the functional measure on the path integral associated with our model, in the time gauge, is
dµ =
(∏
i
[
DξFinali
]) (
detFFinalij (x,y)
)1/2
. (107)
On the other hand, since the matrix (100) is of block form, its formal inversion is of the form
(
FFinalij
)−1
=
(
A−1 +A−1B
(
D−CA−1B
)−1
CA−1 −A−1B
(
D−CA−1B
)−1
−
(
D−CA−1B
)−1
CA−1
(
D−CA−1B
)−1
)
. (108)
In this setup, the form of the above matrix
(
FFinalij
)−1
defines the brackets {•, •}, dubbed as the Faddev-Jackiw
fundamental brackets, between any two elements of the symplectic variables set ξFinali over the phase space through
{ξFinali (x), ξ
Final
j (y)} =
(
FFinalij
(
x,y))−1. (109)
After some algebraic manipulations, we have
{AIa, A
J
b } = {A
I
a, w
J
b } = {A
I
a, e
J
b } = {A
I
a, l
J
b } = 0, (110)
{wIa, w
J
b } = {w
I
a, e
J
b } = {w
I
a, l
J
b } = 0, (111)
{eIa, e
J
b } = {e
I
a, l
J
b } = 0, (112)
{lIa, l
J
b } = 0. (113)
Then the above brackets all turn out to be either zero unlike those derived in Eq. (11). Now, we need a bracket for
observables on Σ. Such a bracket should agree with the commutator in the classical limit. In this regard, for any
two observable O1, O2 defined on the phase space which owns itself a symplectic structure as
{
ξFinali , ξ
Final
j
}
, we can
define the following relation:
{O1(ξ),O2(ξ)} =
∑
i,j
∫
d3r
δO1(ξ)
δξi(r)
(
FFinalij
)−1 δO2(ξ)
δξj(r)
. (114)
This can be taken as the definition of the Poisson bracket. The canonical quantization can be fully made at tree level
by the replacement of classical observables and Poisson brackets by the quantum operators commutators, respectively,
according to:
{O1(x),O2(y)} −→
1
i~
[
Oˆ1(x), Oˆ2(y)
]
, Oˆ|ψ〉 = 0, (115)
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where Oˆ is any operator associated with an observable (or constraint) and |ψ〉 is any quantum state.
Finally, the number of propagating degrees of freedom may be calculated in the phase space from the relation
N =
1
2
(N1 −N2 −N3) (116)
where N1 is the number of field components in ξ
i =
(
AI0, A
I
a, w
I
0 , w
I
a, e
I
0, e
I
a, l
I
0, l
I
a
)
, N2 is the number
of fields eliminated
(
AI0, w
I
0 , e
I
0, l
I
0
)
, and N3 is the number constraints including gauge fixing conditions(
ΦI1,Φ
I
2,Φ
I
3,Φ
I
4,Ψ,Υ, A
I
0 = 0, e
I
0 = 0
)
. Hence, it is concluded that contrary to standard 3D pure gravity, bi-gravity in
three dimensions has 1/2 (36− 12− 20) = 2 physical degrees of freedom; 2 degrees of freedom for a massive spin-two
field and 0 for a massless spin-2 field in three dimensions, which is the desired result in agreement with [46].
VI. FINAL REMARKS
In this paper we have discussed the construction of a symplectic realization for a theory describing two interacting
spin-two fields in three dimensions, called Zwei-Dreibein gravity. The construction was done within the symplectic
framework developed originally by Faddeev and Jackiw [53, 58, 59]. A central point in our discussion is that the
analysis be focused on the properties of the pre-symplectic two-form matrix and its corresponding zero-modes which
are associated with the constrained dynamics of the theory. The remarkable feature of such a construction is that it
does not need to classify the constraints into first- and second-class ones as in the case of the standard Hamiltonian
procedures. For instance, using only the zero-modes of the corresponding pre-symplectic matrix, we have explained
how to extract, systematically and consistently, the structure of all the physical constraints on the dynamics of the
theory. This has led us to infer the necessary conditions under which a candidate for a partially massless theory
at the non-linear level exists. Furthermore, upon using the remaining zero-modes, we explicitly found out the full
gauge transformations for all the fundamental variables, while showing that the remaining zero-modes are indeed the
generators of the local gauge symmetry under which all physical quantities are invariant. In particular, we successfully
recovered the Diffeomorphisms and Poincare´ symmetry by mapping the gauge parameters appropriately. This leads
to a significant reduction of labor compared to the framework of Dirac for constrained systems.
Moreover, we have shown that the time-gauge condition on the Lagrangian density (73) renders a non-degenerate
symplectic matrix FFinalij (100), whose determinant allows us to identify the functional measure for determining the
quantum transition amplitude according to Toms [57], and whose inverse allows one to identify the quantization-
brackets. As a consequence, we have confirmed that Zwei-Dreibein gravity has two physical degrees of freedom
per space point, as expected. Our work suggests that this symplectic method can be straightforwardly applied in
massive- and bi-gravity theories written in first-order formalism in three- and four dimensions, trivializing the issue
of identification of the physical constraints and gauge structure of such theories.
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